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AIrstrati-Some properties of the equation of heat transfer in n-channel mixed parallel and counter-flow 
cvchangers are discussed. It is shown that the matrix of coefficients A is of rank n - 1, and the necessary 

and sufficient condition for A to have two zero latent roots is given. 

NOMENCLATURE 

aij, number of transfer units per unit of 
d’ = At 
dx 

(1) 

coordinate x: ajj = kijhiJK; 
A, coefficient matrix ; where t is the column matrix of temperatures 

A’, B’, C’, matrices of order n - 1; 
B, diagonal matrix; 
C, n x nmatrix; 

and A is a square matrix of order n 

(A’/, lB’[, ICI, determinants of A’, B’ and C’, A = - i~~ ‘I’ 
u12.. . . . . . . . . a,, 

1, 
n, 
t, 

reslk&tively ; 
common perimeter of channels i and j; 
unit matrix; 
overall surface conductance for heat 
transfer between channels i and j: 
latent root; 
number of channels: I 

a21 - $I a2i . f . - . . a2n 
i*2 

. . . . . . . . . . . . . . . . . . . . ..I............. 

n-1 
a nl a #Q . . . . . . . . - z1 a,i 

1 

ti, 
W, 
x, 

temperature column vector, t = [tl, t,, 
. . . . . Ll’ 
temperature of fluid in channel i: 
fluid heat capacity rate; 
space coordinate along the channel. 

Wolf presents the general solution of system 
(1) assuming that multiple zero latent roots of A 
cannot exist [l]. He proves that all the latent 
roots am distinct with the same assumption. 
Settari proves that all the latent roots am real [2]; 
whilst not negating Wolfs theorem concerning 

THE theoretical analysis of the temperature distinct non-zero latent roots, he shows that two 
distribution in the fluids in multichannel mixed zero latent roots can exist, giving a plate 
parallel and counter-flow heat exchangers, for exchanger consisting of four channels connected 
steady state heat transfer, is described with in series (Fig. 1) as an example. 
sufficient accuracy, by a system of linear It may be noted that multiple zero latent roots 
ordinary differential equations with constant may exist in other types of exchangers as well 
coefficients c3-61. 
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An analysis of Settari’s paper has led us to the 
following conclusions. 

I. The existence of two zero latent roots leads 
Settari to conclude that A may be doubly 
degenerate, probably because of an incorrect 

-- 

c 

/ 
d 

w, 

FIG. 1. Typical plate exchanger geometry. 

interpretation of a theorem given by Hildebrand 
[7]. As we shall see later, this would imply a 
particular geometry and structure of an ex- 
changer. 
We shall now prove 

Theorem 1 
If A is not a diagonal block matrix, the rank of A 
is always equal to n - 1. 

Proof 
As x [2], let us introduce matrices 

B= 

I ( let B # 0 

A. B. JARZEBSKI 

and 

c= Cl1 c12.,......................... L’,), 

czr czz........................... C’ln 1 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

cn, c,z . . . . . . . . cnn 1 
where cij = hijkij = cji for i # j 

cii = - i hijkij and kiihii = 0 
j=l 

can be represented by the product 

C= BA. (2) 

Striking out the last row and column of A, B 
and C we obtain matrices A’, B’ and C’ 
respectively, of order n - 1. Clearly 

C’ = B’A’. (3) 

As C’ is symmetric it must be irreducible. It is 
also diagonally dominant with strict inequality 

for c,-~.~-~, then C’ is an irreducibly diagonal 
dominant matrix. Hence from theorem 1.8 ([8] 
p. 23) we conclude that C’ is non-singular and 
1 C’I = ( B’I\ A’/ then A’ is non-singular and 
1 A’1 does not vanish completing the proof. 

Diagonal block matrices are excluded from 
consideration because any such matrix represent 
two or more thermally isolated sub-exchangers. 

II. The possibility of multiple zero latent roots 
is determined by 

Theorem 2 
The necessary and sufficient condition for A 
to have two zero latent roots is that the sum of 
diagonal elements of B is zero. 

Proof 
We first prove the following lemma 
All the cofactors of C are equal. 

Proof: Let us consider the cofactors of c,,~ and 
c,, i+ 1, denoted by Cni and C,. i+ 1 respectively 
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Cni=( - 1Y’ .i Cl1 Cl2 ee* cl,i-l cl,i+l 

Cl,i+2****Cln 

c21c22.a. c2, i- 1 c2, if 1 

c2, i+ 2 . . . . C2n 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

G-1,1 cn-1,2..cn-l,i-l 

cn-li+l C~-l,l+2**Cn-1.n 

cn,i+l 
=(_ly+i+l 

The properties of 

c11 c12~**c1,i-l clt 

Cl,lf2...,...Cln 

c21 c22 . * * c2,i- 1 c2i 

c2,i+2.. . . . , . Czn 

,................ . . . . . . . . 

G-i,1 cn-1.2*.cn-l,i-l 

Cn-1,iCn-1,i+2~~*Cn-I,r 

Z show that C, is obtaine 
when we add all the other columns to column i 

Of cn,i+l. Hence all the cofactors of the entries 
of the bottom row of C are equal. The same 
method can be used to prove that the cofactors 
of an arbitrary i-th row are all equal. If they are 
denoted by Ci the cofactors of the column n are 
c,, c2,. 1. . . C, respectively, but as C is sym- 
metric, they must be equal to those of the n-th 
row, thus 

c, = c, = . . . . . = c, = c, 

completing the proof of the lemma 
Theorem 1 shows that C, # 0 

From (2) we may write 

A= B-‘C. (4) 

LetB;‘,B,‘)...... B;l be the cofactors of the 
diagonal elements of B - ‘. 
The sum of first principal minors of A is then 

(B;’ + B;l+ . . . + B,‘)C, 

but as it is the coefficient of the linear term of the 
characteristic equation ) A - II, ( = 0, the neces- 

sat-y and sufficient condition for A to have two 
zero latent roots is 

n cu: 
B;‘+B;‘+....+B,‘=~=o (5) 

Fl w 
hence 

which had to be proved 

III. The heat exchanger considered by Settari 
([2], Fig. 1) and shown in Fig. 1 of this com- 
munication always fultils the conditions of 
theorem 2 as W, = -WI and W, = -W,. 
Therefore, the matrix A arising from this heat 
exchange system possesses two zero latent roots 
irrespective of the direction of flow in the two 
circuits. This result differs from that of Settari [2] 
who concludes that the number of zero latent 
roots is one or two, depending on whether or not 
the flows are in the same direction. 

It has been shown [9]. that for plate heat 
exchangers with number of channels divisible 
by four, and channels connected as in Fig 1, 
the matrix has two and only two zero latent 
roots. This is, of course, in accordance with 
theorem 2. 

1. 

2. 

3. 

4. 
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REMARQUES SUR QUELQUES PROPRIETES DE L‘EQUATION DE TRANSFERT 
THERMIQUE DANS DES ECHANGEURS MULTI-CANAUX 

R&urn&-On discute quelques proprittes de l’tquation de transfert thermique dans des ichangeurs a n 
canaux paralltles et a contre-courant. On montre que la matrice des coefficients A est de rang n - 1 et 

on donne la condition necessaire et suffisante pour que A ait deux valeurs propres nulles. 

BEMERKUNGEN ZU EINIGEN EIGENSCHAFTEN VON 

WARMEUBERGANGSGLEICHUNGEN FijR VIELKANAL-WARMEUBERTRAGER 

Zusammenfassung-Einige Eigenschaften von Warmetibergangsgleichungen fur Vielkanal-Gleich- und 
Gegenstromwlrmeiibertrager werden diskutiert. Es wird gezeigt, dass die Matrix der Koeflizienten A 
vom Grad n - I ist und die fur A notwendige und hinreichende Bedingung von zwei latenten Null-Wurzeln 

ist angegeben. 

() HEKOTOPblX CBtJtiUTBta_X YPhBHEHMH IIEPEHOCA ‘I’EIIJIA I( 
MHO~OHAHAJIbHbI X TEIIJIOOEMEHHHHAX 

AHHOTa~a-PaCcMaTp~saloTcH HWOTOpbIe CBOiiCTlla J'paBHeHWI IIepeHOra TeIl,la H 

IIpHMOTO'4HbIX R npOTHBOTOqHbIX TeIlJIOO6MeHHRKax, cocToflmIlx ~3 n KaIraaoR. rIoKa3aHo. 

9~0 Marpnua uoa~@4r~ueriTon A unieer paw n-l. ~~HBOWTCR ycnoslle, HeO6xORMMOe II 

zoCTaTO4HOP &'IR TOl?O. YTO6bI HO3@@4UHeHTbI .ri BMeJILI iI[Ba HyJIeBbIX XapaKTepkICTH%3CKMX 


